Lecture 9: Weak Solutions

Ethan Ebbighausen

Jul 19th, 2026

1 Introduction

Throughout the course, we’ve been working to find solutions for many different equations, but they always
must have a level of regularity. In particular, this restricts the initial data that we may use. For example,
consider

{uterux—O [0,00) x R
u(0,z) = g(z)

We know from characteristics that the solution is u(t,x) = g(xe~*). Aslongas g € C!, we have a solution.
What if g were piecewise constant, so it’s still mostly C* and only fails at, say, 1 point. For g(z) = 110,00)

1 z>0
uh o) =30 <o

so it is still mostly well behaved. We could then approximate some very tricky initial conditions without
losing too much information. This may motivate us to allow some non-differentiable and even discontinuous
functions as solutions, which also makes showing the existence of solutions much easier since we have more
candidates. We then only need to decide on how to verify that the functions are “mostly” well behaved.

Learning Objectives:

e Define weak derivatives and verify the definition for example solutions

e Connect the weak derivative to Sobolev spaces

e Analyze a function’s regularity (with respect to Sobolev spaces) through its Fourier coefficients

e derive weak solution definitions for a variety of PDEs with boundary and initial data

2 Integrals Define Derivatives

When we introduced advanced integration, we started allowing things to change on null sets, which were
able to be ignored by integrals. To break down the idea of being “mostly” well behaved, we want to use the
same concept. In fact, thanks to integration by parts, this becomes even stronger. For example, consider
u € C. Given any smooth 1) € C°, we can take

/Ru’z/)dx: —/Ruqbldx
/Ru’wdm: —/Rgz//dx

and, if



2 INTEGRALS DEFINE DERIVATIVES

for all ¢ and for any integrable function g, then ¢ = «’! This means that allowing some smooth bumps lets
us test the function v’ at any point, and that we may measure the derivative on u by testing against the
derivatives of smooth functions (therefore not taking derivatives on w itself).

For this reason, we call C2°(£2) the set of test functions on Q. We also consider functions that can be
integrated when paired with these test functions, which is the set

LL,.(Q)={f:Q—C| f|lx € L*(K) for all compact K C Q}

of locally integrable functions. We also call this “integral derivative” the weak derivative, where f is the weak
derivative of g, or f = D%¢g weakly, if

/ fodx = (—1)le] /Q gD ydz

for all ¥ € CF(Q).
This condition uniquely determines f by the following:

[2.1] If f € L}, .(Q) satisfies
/ fidx =0
Q

for all ¢ € C°(Q), then f = 0.

Proof:
[This proof is incorrect in the textbook. Here we correct is using only facts presented in the course.
The result is something technical and perhaps a bit beyond the course, so it may be skipped if
desired.]

We show that the integral of f over any compact set is 0.

Pick K C 2 compact. There exists r > 0 such that B(K,r) C Q. Then, for e<r, we may take
smooth nonnegative bump 1 supported in B(K,e¢), equal to 1 on K, and at-most 1 everywhere.
Therefore,

/B - Frbde =0 = /K fdx + /B . Frbda

Let A(K,,d,¢) = B(K,¢e)\B(k,0). We now have

| / fdu| < | fibda] < / \fldz
K B(K,e)\K A(k,0,¢)

We will complete the argument when we show that the integral over this annulus of |f| ap-
proaches 0 as € — 0.
Indeed, since

/ |fldx < 00
A(K,0,¢)

we may split it up as

fldz > / fldz
/A(K,O,e)| ‘ Z A(K,e2— k=1 e2—k) ‘ |

Then, the fact that this sum is finite shows > . fA(K c2-k-1co-ry |fldz — 0 as Ko — oo, but
the tail sum is just

/ \fldz
A(K,0,e2-Ko)
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2 INTEGRALS DEFINE DERIVATIVES

completing the desired limit.

We now claim f = 0 almost everywhere in 2. By contradiction, let f be positive on some set of
positive measure. Then, there is some ¢ > 0 such that f > c on a set A of positive measure a. We
may assume that A is contained in some compact set K C Q (if this is not apparent, ask in OH
because it is a weird technical fact). Therefore, we may take that B(A,d) C B(K,d) C Q for small
0 > 0. Notice that this set is also compact. We then have

0:/ fdx:/fdx+/ fdz
B(A,0) A B(A,0)\A

SO

|/ fdz| < / \fldz
A B(A,5)\A

We use the same argument as above to prove that as § — 0, the right side of this inequality
decays to 0. Therefore, fA fdx = 0, contradicting the assumption.
Q.E.D.

Example 1: Consider

-1 z< -1
_ x € [-1,0]
9@ =1 2 z € (0,1)
1 r>1

Since we only fail to be differentiable on a null set, we may expect the weak derivative to be

0 z<-1
B xz € [-1,0]
J@ =2 2e.)
0 x>1

and, indeed, for any ¢ € C°(R),

-1 00 0 1
/gw’dx:/ —w’dx—i—/ w’dx—l—/ m//dm—i—/ 2 dx
_ 1 ~1 0

0 1
= —p(—1) = (1) + [e(x)_—1° [1w(x)dm] + [e20(z) 0" —/ 20)(x)da]

0

Example 2:
Let

_Jw_(t) t<0
w(t)_{w+(t) t>0

—/wz//dt: /OOO w_zp’dt/ooo w ' dt

0 [eS)
= / w’_pdt —w_(0)(0) + /0 w! dt + w4 (0)Y(0)

—0o0

for wy € C. For ¢ € C°(R),
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3 SOBOLEV THEORY

Now, if 4 is supported in (—oo, 0), we only see the term f?oo w’_1pdt appear, so any weak derivative f of w
must have f =w’ on ¢t < 0. Similarly, consider ¥ supported on (0, c0) shows f = w’, for ¢ > 0. Integrating
f against 1 at 0 is 0! Therefore, for a weak derivative to exist, we must have that w_(0) = w4 (0), i.e. that
w is continuous. This is a special case for the real line.

Now, to justify the name “weak derivative”, as well as the notation, we have the following

[2.2] If w € C™(R), then u is weakly differentiable to order m and the weak derivatives are precisely the
classical derivatives.

Conversely, if u € L}, .(Q) admits weak derivatives D*u for |a| < m, and each D®u may be represented
by a continuous function, then u may be represented by a C™ function whose classical derivatives are the
weak derivatives

Proof:
The first statement is immediate by integration-by-parts.

For the second statement, we check only the one dimensional case (the general case adds many
technical details), where Q = (a,b). First, if this result holds in the k = 1 case, it holds for all k,
so we need only check that case. Let v have weak derivative v € C((a,b)). Let z¢ € (a,b) and
w(x) = u(zg) + f; v(t)dt. Then, @ and u both have weak derivative v. Let w = u — @, which has
weak derivative 0. We must show w is constant, so the fact that w(xo) = 0 shows w = 0.

To do this, first notice that if ¢ has antiderivative ¥ € C2°, then

/wwdx:/()\lldx:()

Notice 1 € C°(R) has an antiderivative if [tdz = 0 given by ¥(z) = [ 4(t)dt. We
artificially enforce this property to finish the proof. Let x be any C$°(Q2) function with integral 1.
Notice that ¢ — [ ¢day has total integral 0, so

[l = coxldz =0

=

/wz/;dx = [/ wxdx]/z/)d:r

Since this holds for all ¥, w is constant as desired.
Q.E.D.

3 Sobolev Theory

We have one major problem when reducing to locally integrable functions: boundary values are not well
defined (because the boundary is a null set). The main trick to fix this is to consider higher regularity.
Combined with the fact that we want to investigate functions with weak derivatives, we define

WPRQ) = {u € LP(Q) | D*u € LP(Q) for all |a| < k}

In particular, we often work with H™(Q) = W?2™(Q). These spaces are called Sobolev spaces, named
after Russian analyst Sergei Sobolev, who, along with Gagliardo and Nirenberg, studied these spaces in depth
and proved many useful inequalities about them calle the Sobolev embeddings or the GNS inequalities. One
related inequality, Morrey’s Inequality, was proved by a Berkeley professor in the 1950s (Charles Morrey).

Recall from the prior section that, on the line, functions with a weak derivative were actually continuous,
justifying this choice of space. There is also another practical consideration: in higher dimensions and for
bounded domain 2, H'(€) includes the continuous piecewise linear functions. Therefore, this includes the
approximations of data we may usually construct in practice.
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3 SOBOLEV THEORY

We consider the inner product on H™,
(u,v) = Z (D%u, D%v) 2
lee|<m
and the Sobolev space is quite well behaved with respect to this inner product
[3.1] For Q& C R™ and m € Ny, H™ () is a Hilbert space (complete inner product space).

However, we do not have the useful property of L? that C2° is dense. Instead, we give a special name to
the closure of C2° in L? with respect to the H!-norm:

HYQ) = {uec H(Q) | Jim {Ju = ¢g[ = 0 for some vy € C(Q)}
—00
The theory of boundary restrictions is quite involved when it comes to Sobolev spaces, so we will primarily

use simple cases such as the following
[8.2] If u € Hi((a,b)), then u is continuous on [a,b] and u(a) = u(b) = 0.

Proof:

Suppose u € Hi((a,b)), so there is some sequence {1} C C° such that

Y —Er u

This immediately implies the L2-convergence of the {1}, and we can use this, since the domain
is bounded, to show uniform convergence. Indeed,

lr(z) — ;(2)] < / [0l () — (1) dt
<[} — ¥l Vo=
=

¥k _wj||L°0 < || —Q/Jk”}h\/m

Since they are uniformly Cauchy and converge to  in L?, the uniform limit must be u. Therefore,
u is continuous and u(a) = limg_,o Y5 (a) = 0.
Q.E.D.

Therefore, we usually interpret H} as the functions with Dirichlet boundary conditions. One of the useful
ways we will use this is the following

[3.3] For Q C Q C R”, the extension by 0 of an element of H}(Q) gives an element of HJ(Q).
Proof: .
Let @ denote the extension by 0 of u to Q. The weak gradient Vu may also be extended by 0 to

Vu € L?. We wish to show that this is precisely V.
Indeed, take {1} C C°(Q) converging to u in H', and this sequence also converges to @ in

H'(Q). Therefore, Vi, — Vu in H'(Q), and for ¢ € C>(Q),
oVinds = [ Voda
Q Q

Taking the limit as k — oo,

/Q oVuds = — /Q aVpda

so that this is indeed the weak gradient.
Q.E.D.

Topics Document, Ethan Ebbighausen



3.1 Sobolev Regularity 3 SOBOLEV THEORY

3.1 Sobolev Regularity

We now consider the generalization of the one-dimensional result that having a weak derivative implies
(absolute) continuity.

[3.4] Sobolev Embedding Suppose {2 C R" is a bounded domain. It m > k + %, then

H™(Q) c C*(Q)

This result is central to the application of Sobolev spaces to PDEs, and has many extensions. We will
prove this by using our Fourier coefficient regularity results. In particular, we allow for the multi-dimensional
torus

T" = R" /272"

and define multi-dimensional coefficients

—L e (1) dx
wlfl = g [ @)

for k € Z". Using the same arguments as the 1D case, Y, .. cx[fle’™™ — f in L? for f € L?. Similarly,
Parseval’s identity

(f,9) = 2m)™ Y cxlflexld]

keZ

still holds. There is only one caveat to Sobolev spaces on the torus, and that is that we define a weak
derivative of f to be a function g so

[ wgde= (e [ gpvds
[0,27]™ [0,27]™

for all ¢ € C°(T") (NOT C).
[8.5] A function f € L*(T) lies in H™(T) for m € N if and only if

D kP erlf]P < oo

kezn

Proof:
Notice that if f € H™, the we may put ¢’* into the definition of a weak derivative to see that

c[Df] = (ik)® ck[f]

and so, since D®f € L2, the given sequence converges. Conversely, if Y kezn |&|>™ e[ f]
then

2 < o0,

gal@) =D (ik)“cx[fle™ "
is an L? function, whereby Parseval’s identity implies it is the weak derivative of f: for ¢ € C™,

(9., 9) = 2m)" Y _(ik)*ex[flewld]
= (2m)" (=D)!*lex[flex D] = (=1)1*(f, D)

so fe H™.
Q.E.D.

For our second step, we translate this back into normal regularity.
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4 WEAK SOLUTIONS OF EQUATIONS

[3.6] Periodic Sobolev Embedding If m > ¢+ %, then
H™(T™) C CYT™)

Proof:
If f € H™ for such an m, we know that > [k™ck[f]|* < co. We want to use this to show that,
when we reduce to the exponent ¢, the convergence is actually uniform. This fact implies that D f
is continuous, and hence that f € CY.

We obtain this fact, and the factor of n/2, by considering the sum >, |k|=2!. To avoid the
zero term causing issues, we increase slightly to

> oA+ Ik)

Zn
where, by comparing this to the integral of (1 + |z|)?:
S+ k) < / (1+]a]) " = [B(0, 1) / (Lt )2
7 Rn 0

we see convergence as long as 2l > n, or [ > 3.
By Cauchy-Schwarz,

DKl fI < oL+ KD 7220 (L + kD [k e [£11%)12

where both terms on the right converge when s > & and s +1 < m. This implies that derivatives
of f of order [ are continuous as we discussed before when [ <m — 3.
Q.E.D.

Finally, we prove the non-periodic version

Proof:
Suppose u € H™(Q) for @ C R a domain. Let zy € ). Because 2 is open, we may find

B(zg,€) C Q

Suppose ¥ € C°(£2) has support in B(xg,€) and is 1 inside B(zg,€/2). Then, assuming € < 27, we
can extend by 0 to reach a 2m-cube and extend by periodicity to show wyp € H™(T™) C C4(T™).
This shows that u has ¢ continuous derivatives at xg. Since xy was arbitrary, we are done.

Q.E.D.

4 Weak Solutions of Equations

4.1 Continuity Equations
Recall the general form of the continuity equation
Ou+0,q=0
uli=0 = g

for flux ¢ depending on u,t,z. We looked at one example of noncontinuous initial data in the introduction,
and let us now look at the general case. Suppose, first, that ¢ and u are truly differentiable and w is a
classical solution. For ¢ € C2°([0, 00) x R]), pairing gives

/ watudt = —uw|t:0 — / Uaﬂj]dt
0 0
/ Vo,qde = / (Dutbda
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4.1 Continuity Equations 4 WEAK SOLUTIONS OF EQUATIONS

such that, putting them together,

/ / i)+ qObdedt + / limoda = 0
0 —00

— 00

Aslongas g € L}, ., this integral makes sense. Therefore, we define a weak solution u € L}, .((0,00) x R; R)

to be a solution, provided ¢ € L, .((0,00) x R;R), if the above condition holds for all test functions .

loc

Example: When velocity is constant, ¢ = cu for some ¢ and w is constant on characteristics z(t) = z¢+ct.
Therefore,

ult, z) = glx — ct)
is given by the method of characteristics. Let us check that this is a weak solution when g is locally integrable.
For ¢ € C2°,
/ / w0y + qOpdxdt = / / g(x — ct)0sp + cg(x — ct)dpbdadt
0 —0o0 0 —00

_ /OOO /Z 9@ — et)[1,d] - Vipdadt

we notice that this again looks like a derivative of ¢ along the direction of the characteristic, so let 7 =,
y=2x — ct, so Y(1,y) = ¥(1,y + ¢7) = ¥(t,x) and this function has

o
E_ [Lc]vw

The integral change of variables then shows

/0°° /O:o g(x = et)ll, ] - Vordwdt = /0 ) [ o:o 9(y)0-Pdydr

_ / Y )P0, y)dy = / —g(y)$(0,y)dy

— 00 —0o0

which gives the desired condition. Notice that continuity along characteristics was enough to prove this, and
we didn’t have issues with discontinuities like in early examples.

Let us recall another example: Burger’s Equation

Ou — u0zu =20
0 0

u(0,x) = v
1 z>0

where the characteristic lines are x(t) = xo + u(0,20)t, so having a increasing initial condition like this
means that the characteristics will intersect. We now wish to rectify these problems. In the introduction,
we just allowed a curve to split the two regions of different values of u, and we try to do the same thing here
in more generality. What we arrive at was developed by a pair of engineers, William Rankine and Pierre
Hugoniot, in the context of gas dynamics.

[4.1] Rankine-Hugoniot Condition Let C be a curve paratemerized as (¢,0(t)) with o € C1([0,0)).
Suppose u is a weak solution of

given by
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4.1 Continuity Equations 4 WEAK SOLUTIONS OF EQUATIONS

for classical solutions u4 and ¢ differentiable. Then, along C,

/

qlus) — q(u_) = (ug —u_)o

Proof:
We test ¢ € C°((0,00) x R) since we needn’t worry about boundary conditions at t = 0. Let C;
be the region {¢t > 0} x {z < o(¢)} and Cy = {t > 0} x {z > o(¢t)}. Then,

0= /OO /00 [udet) + q(u) D)) dadt
0 —oo

= /C [uyOp + q(uy)0x1)] dadt + / [u_0p + q(u_)0z¢] dadt

Cy

Set Fly = [us,q(uy)], and this is

/ F, - Vopdadt + / F_ - Vipdzdt
Cl C12

Since we have classical solutions on each region, F is C! so that we may apply the Divergence
theorem

/ Fy - Vpdzdt = / Fy -mpdS — / YV - Fdzdt
Cy C Cy
C

where the 0 appears since we have a classical solution. Notice that the normal to the curve (¢, o(t))
point outward from C} is (—o’(t), 1), so n; is proportional to this vector.
Similarly, on Cs

F_ - Vipdzdt = / F_ - noypdS
Cs c

with 79 proportional to (¢’ (¢), —1).
Adding these back together,

0= / [Fy — F_ ] yds
c |||
0= [ wl-uso’®) + alus) + u-o'(t) - gfu-))dS
C
Since this holds for any ¢ € C2°,

—uyo’ (1) + qluy) +u_o'(t) = qlu) = 0

on the curve C, which is the claimed condition.
Q.E.D.

Recall the traffic equation
Ou+ (1 —2u)0yu =0

gave shocks with

(0, ) = {a <0

b >0
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4.1 Continuity Equations 4 WEAK SOLUTIONS OF EQUATIONS

Our characteristic lines were

o+ (1—2a)t x0<0
€T =
2o+ (1—2b)t 0>0

so we see shocks when a < b. The predicted solution from characteristics is u_ = a, u; = b. Can we pick a
curve to make this work? Indeed, notice that ¢(u) = u — u? and the R-H condition is

q(b) = q(a) = (b - a)o’

(b—a)(l—b—a)
b—a =)

so for o(t) = (1 — b — a)t, we have a weak solution

_Ja z<(1-b—-a)t
u(t,x)—{b x>(1—-b—a)t

Example 2:
What happens when a > b. Now, the characteristics move away from each other. This is called a
rarefaction, and means that the middle area is left undetermined. Let us consider the case

Ou — u0,u =10

1 <0
U(O’gc):{o 23>0

so the region 0 < x < t is left undefined. In this case, ¢(u) = %uQ, SO

q(us) — qu-)

L )
= —(U— u .
Uy — U 2 +

We can define this middle region in several ways.
1.) We could extend the two regions on either side. This would give u_ =1 and u4 = 0, so

1 z< 3t
u(t,r) = “ 2
2.) We could put some constant ¢ € (0,1) in the middle. This would give
1+c
1 oo< 4

_ l+c .
ut,r) =qc Tt << §t
0 x>3t

3.) We could do this again, making ever more shock curves
4.) We could take the limit of this process as we get infinitely many small regions. This would mean we
have u(t,z) = U(%) in the middle region, for

SaHU) =1
%(o +U0) =0

and U continuous. We also have the PDE giving

xT

—SU(H+UCU'E

;) =0
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4.2 Laplace-like Equations 4 WEAK SOLUTIONS OF EQUATIONS

The only solution to fit both is U(%) = ¥, so

1 xz<t
ult,r) =q% t<x<0
0 >0

This is an example of an entropy solution. We will not investigate these in more depth, but it is a concept
that reduces to a unique solution in the rarefaction case.

4.2 Laplace-like Equations

We want to extend the idea of a weak solution to account for broader domains now. Because boundary
data is important, this is always done on a case-by-case level as opposed to generating a broad definition,
though the techniques are relatively similar in most situations.

If Q is a bounded domain and u, ¢ € C°(€2), we know

/Qd;Audx = —/QVU - Vapdx

which is quite similar to the H'-inner product

(u, ) = (u, ) L2 +/9Vu - Vpdx

where the second integral is well-defined if we have u € H! (though we usually take u € Hg). Let us consider
the equation

—Au=X u+f

U,‘@Q =0
for f € L?. We say u € Hi(f) is a weak solution if
/ [Vu -V — Auyy — fp]de =0
Q

for all ¢ € C°(Q).

Remark: Given a general elliptic operator

L=— Zaij@@j + ijaj

we say that u € Hg () is a weak solution to

Lu=Xu+f
ulon =0

if

/ (Vula;;]Vy + b - Vu — dup — fop]lde =0
Q

Example: On the interval [0, 2], consider
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4.3 Evolution Equations 4 WEAK SOLUTIONS OF EQUATIONS

with

-1 1<z<2

f(x){x 0<x<1

Since f is piecewise linear, we try to integrate on each definition (also applying boundary and continuity
constraints) and obtain a family of solutions

%xg’—ax <z<
u(z) = )
—590 +(+ 3)r—2a—35 1<x<2

we determine a from the weak solution definition

2
/0 R+ f] =0

since

2 1 2 4
/ u''dr = / (z2? — a)Y/ (x)dx +/ (—z+a+ =) (x)dz

0 0 2 1 3

1 ! 1 2
=g —aw) - [ wv@ -0 g>w<1>+ Y(w)de
1
= (f — 2a)y / fudx
so that the above is 0 only when a = % This is the same as forcing the first derivative to be continuous.

4.3 Evolution Equations

We now consider the wave and heat equations, using the same strategy of starting with a classical solution
and integrating by parts to reach a definition that works with weak derivatives. The only complication is
choosing the appropriate regularity in time.

Consider first the wave equation on a bounded domain 2 C R"™, with Dirichlet boundary conditions

02— Au =0
u|ag = 0
(uaut)‘t:O = (gah)

Assuming u is a classical solution and pairing the wave equation for u with a test function ¢ € C2°([0, 00) x
Q) gives

_ [T 2,
0= /0 /Q [VO}u — Y Au] dzdt
. / / VOPu+ Vi - Vudz
0 Q
z/ —h¢(0,x)+g8tw(0,x)dm+/ /u&f¢—V¢~Vuda:
Q 0 Q

and the final line gives our condition for a weak solution u so u(t,-) € H(2) for all ¢ so ||u(t,")||g: €
L([0,00)), and lastly so g,h € L}, ([0, 0)):

0= /Q —hi)(0,z) + gowp(0, x)dx + /0 /Quafw — V¢ - Vudz
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4.3 Evolution Equations 4 WEAK SOLUTIONS OF EQUATIONS

Remark: Combining the regularity on ¢t and on z leads to symbolic expression:
u € L' (Hy(Q),R)

where it means that u maps ¢ — u(t,-) € H}. As a shorthand, mathematicians tend to crush the two symbols
together to be u € L*H}.

Example: Let h =0 and

= 0<z<1
9722 1<z<2

By D’Alembert’s formula, we extend g to be odd and 4-periodic, and expect
1
ult,z) = 5oz +1) + g(z —1)]

to be the solution.
Notice that for ¢ € C¢°([0,00) x R),

00 2
/ / [u@fl/} + 8xu8x1/)] dxdt
o Jo

may be split by the piecewise definition of u. In particular, we consider only the box [0,1) x (0, 2), where
(draw out the definition of uw on the box)

12 1 pl-a 1
/ / w0 hdrdt = / / TOPpdt + / (1 —t)0?<pdtdx
0o Jo 0o Jo 1—a

2 1 1
+/1 /Iil(l—t)af¢dt+/0 (Q,w)afwdtdx

1 2
= / —zop(0,2) — (1 — z,z)dx + / —(2—2)0(0,z) —p(x — 1,z)dx
0 1

The spatial component becomes

oo 2 11—t 1,2
/ / 6xu8x¢da:dt:/ / &ﬂbdxdt—/ / Ogtpdadt
o Jo 0 Jo 0 Jitt
1 1
:/ w(t,pt)dw/ W11+ t)de
0 0
a change of variables then turns this into
1 2
/ w(l—x,x)dx+/ Yz —1,2)dx
0 1

that matches the second term of each integrand in the time term expression. Adding them back together
yields

o 2 1 2 2
/ / [ud71p + Opudy)] dadt = / —20u(0, x)dx + / —(2 =)0 (0, z)dx = —/ 9(2)04(0, x)dx
o Jo 0 1 0

as desired.

The heat equation is strikingly similar. Taking a classical solution

Ou—Au=0
ulgn =0
uli—o = h
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4.3 Evolution Equations 4 WEAK SOLUTIONS OF EQUATIONS

and pairing with a test function v gives

0= / / You — YAudxdt
0o Jao

- /O b /Q —udpp + Vu - Vipdadt — /Q h(0, )dx

This then defines a weak solution for u € L' H} ().

Example:
We have previously shown that the expected solutions indeed satisfy out criteria twice, and we would
like to do the same here with the series solution to the heat equation. On (0, 7) with initial condition h and

Dirichlet boundary conditions, we have
/2 .
¢r(x) =/ = sin(kx)
™
as eigenfunctions of —A for k£ € N. Using the coefficients defined from these, we expect a solution
> 2
u(t,z) = Zak[h]e_k Lo ()
k=1

which indeed converges when h is continuous. If h € L?, however, we must do some extra work to arrive at
a weak solution. First, let us define time-dependent Fourier coefficients

bi(t) = / "t w)bp(x)da

where, for 1) € C2°([0,00) x (0,7);R), the smoothness of 1) implies these coefficients decrease very rapidly.
Then

Dt x) =Y br(t)dn(x)
converges uniformly as well in L?, as does
Ob(t,x) = ) b ()b ()
By Parseval’s identity,
o0 2
/ udppdt = Zake_k Ul (t)
0
for t > 0, while
4 2
Dpudypdr = 3 K2ape ™ by (t)=
/0 uOppda Z ape i ( )7r

Combining these,
/ / —u0p + Vu - Vipdxdt
o Jao
= / Z age "t (K2by(t) — b, (t)) dt
0

Notice that

hp(0, x)dx = Z arbi(0)

Q
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4.3 Evolution Equations 4 WEAK SOLUTIONS OF EQUATIONS

and 0y (e % by (1)) = e F°t (k?bi(t) — b (t)). Thus, if we could switch the order of the sum and the integral
above, we would have

/OOO > are ™™ (Kb (t) — b, (1)) dt = > arbi(0)

or what we desire. We simply need to justify this swap. First, take some N and we look at the partial sum

A Z ake_kzt (kak( ) — b/ Zakbk )

and attempt to estimate the tail. Recall that since ¢ is smooth,

/OW gbk(x)%w(t,x)dm = (=1)" k> by (t)
and
b1 ()] < Crpk™?™
fro C,,, independent of time and |a;| < P for some P since h € L%. Therefore, taking m = 2,
lare F*t(k2by () — bl (1))] < PCok~2e 't

SO

Z are M (Kb (1) — V(1)) < ON~lem(VHD?
k=N+1

independently of ¢. Since 1 is compactly supported, the b; are as well (in time) and we may change the
constant C' and arrive at

/0 Z awe 1 (k2by,(t) — by (£))dt < ON~!

k=N+1

so that

/ Z ake k‘2bk( ) — bk: Zakbk

as desired, and we have a weak solution.
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